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In the standard geometric approach to a measure of entanglement of a pure state, sin^ is used, 
where 9 is the angle between the state to the closest separable state of products of normalized qubit 
states. We consider here a generalization of this notion to separable states consisting of products of 
unnormalized states of different dimension. In so doing, the entanglement measure sin^ 9 is found 
to have an interpretation as the distance between the state to the closest separable state. We also 
find the components of the closest separable state and its norm have an interpretation in terms of, 
respectively, the eigenvectors and eigenvalues of the reduced density matrices arising in the Schmidt 
decomposition of the state vector. 
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I. INTRODUCTION 



With recognition of its role as a resource in quantum computing [T] , the nature of entanglement in quantum systems 
is a problem of much current interest [21 El H] . Of particular importance is a quantitative measure of entanglement [5] ; 
two of the more commonly used measures, depending on the context, are the von Neumann entropy, based on reduced 
density matrices [5], and a geometric measure, based on the distance to the nearest product state P 171 1511^ [TU] . 

The use of the von Neumann entropy as a measure of entanglement can be understood in the framework of the 
Schmidt decomposition [U [TTl [121 [131 [Ml [15] . Consider a pure state in an n-dimensional Hilbert space, assumed to 
be normalized: = 1- Let us then decompose the system into an u-dimensional subsystem. A, and a w-dimensional 

subsystem, B, such that n = uv. For a basis \i) of A and |j) of B we can write j-i/') as 

u— 1 v—1 

for some complex coefficients 7ij. However, the Schmidt decomposition states that there exists a basis \ai) for A and 
for B such that can be expressed as a single summation: 

min(u— 1,1;— 1) 

H)= E (2) 

fc=0 

where the Schmidt coefficients satisfy J^kPk = 1- The existence of this decomposition follows from the singular value 
decomposition of the matrix of coefficients <8) 01, and can be related to the reduced density matrices formed by 
tracing out one of the subsystems of the density matrix p — \^(J){1p\■. 

PA = Ti-b{p) ^^Pk \ak){ak\ 

k 

PB = Tr A{p) = J2pk \Pk){Pk\ (3) 

k 
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by which one can see that at are the eigenvectors of pA = Trsip) and (3k are the eigenvectors of ps = Tr a{p)- The 
spectrum of eigenvalues of pA and ps, which are the same, can be used to quantify the degree of entanglement of \'ip) 
due to the fact that, for a separable state, only one non-zero eigenvalue is present. In this context K = l/X^fcPL 
which satisfies K > 1, is often considered; another commonly used measure is the von Neumann entropy: 

S -Tr (pa In Pa) = -Tr (ps In ps) = - ^ Pk logs Pk (4) 

k 

On the other hand, in the geometric approach to measuring entanglement, one considers the distance from a 
n-dimensional pure state {tp) — X^ILo^ Xpil^pi) to a separable state 

\cb)^K=o'\^^'^)=J2''pM^) (5) 
Pi 

where j = 0, 1, . . . , n — 1. The states here are assumed to be normalized: ji/)^'-') = 1. Minimizing \\(j)) — 

results in the non-linear eigenvalue equations: 

P0---Pi---Pn-1 

where the eigenvalue A is the Lagrange multiplier enforcing = 1 and ^ means omission. The eigenvalues A 

can be shown to lie in the range — 1 < A < 1, and so are interpreted as the cosine of the angle between \(f>) and 

this can be seen by multiplying Eq. (joj) by Cp^ and summing over i. A measure of entanglement is then taken to be 
1 — A^g^x, where A^ax corresponds to the eigenvalue determined from Eq. ^ of the closest separable state. 

In this paper we show that if one uses unnormalized separable states in a geometric measure of entanglement, 
the norm of the closest separable state can be related to both the distance between and to the angle between the 
separable and target states; this will provide a natural interpretation of the entanglement measure 1 — A^^^ as the 
distance to the closest separable state. As well, by considering the geometric measure in arbitrary dimensional spaces, 
a connection can be established between the basis states and eigenvalues of the Schmidt decomposition of the state 
and the components and norm of the closest separable product state used in this geometric approach. 



II. OPTIMUM EUCLIDEAN DISTANCE 

In this section we describe the geometric measure of entanglement we shall use based on finding the extrema of the 
distance to a separable state. For this, we consider an rt-dimensional pure state = Y^=q Xpi\^pl)- We split the 
n-dimensional space into subspaces v4, B, C, . . . of dimension u,v, . . ., and consider the separable state 

It— 1 v — l w—l 

1=0 j=0 fe=0 

The state is not assumed to be normalized. We now form the distance from the state jV') to such a separable state: 

E E E ■ • • ■ ■ • - ^-fe-) (^^^^^'^ ■ • ■ - ^^j-fe-) (8) 

i=0 j=Q k=0 J 

where the coordinates in the appropriate spaces, and optimize this distance with respect to the coordinates 

of |A),|S),...: 



dai 
~db~ 

dP^ 

dck 



V— 1 W— 1 



= ^ alNsNc • • • = I E E • • • I ^^'"^ ■ ■ ■4'-. 



f u— 1 w—l 



^ h]NANc • ■ • = E E 



O-iCk ■ ■ ■ Xijk... 



, 'i=0 fe=0 
u—1 v~l 



^ cINaNb...^ I EE"- I ^-bo---Xljk.. 

i=0 3=0 



(9) 
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where Na = ^^a*a,i, Nb ~ ^^^j^ji on. Except in special cases these non-hnear equations must be solved 

1=0 j=0 

numerically. However, from Eq.Q, one can show 



' u — l v — 1 w — 1 



yi=o j=o k=o J 

and hence, at the critical points, 

= NaNbNc ... - (^l^/-) (11) 
Using — 1 and = NaNbNc ■ ■ ■, we find that, at the critical point, the angle between |0) and \4>) is 



cos t/c 



= ^NaNbNc . . . (12) 

critical 



and the distance is 

Dl = I- NaNbNc ■■■^sin^ 9c (13) 
Consistency of the above requires NaNbNc . . . < 1. This can be done using the Cauchy-Schwartz inequality: 

\{cj>-m\^ <{^~M<f>-^){m (14) 

Using {4>\<j)) = NaNbNc ■ ■ ■ and the definition = (0 — — tp), this then implies 

NANBNc---D^>Mcj))-{iP\<j))\^ (15) 

At the extremal points we have {ip\(l)) = NaNbNc ■ ■ ■ and — 1 — NaNbNc ■ ■ •, and so we can conclude 

1 - NaNbNc • • • > NaNbNc • • • < 1 (16) 

The preceding has a close connection to the results of the entanglement measure using a normalized separable state; 
indeed, rewriting Eqs. (joj) for the unnormalized separable state in terms of variables = ai/ \/Na, bj — hj/^jNB, etc. 
formally leads to the relations of Eq. ([g]) , with the eigenvalue A identified with {4>\<t>) — ^/NaNbNc ■ ■ ■■ This makes 
for a simple geometrical interpretation of the results of using unnormalized and normalized separable states indicated 
in Fig. ([T]) . Both the approach of Eq. ^ using normalized separable states and that of Eq. ([9| using unnormalized 
states lead to the same angle cos^c = K— NaNbNc ■ ■ ■ of Eq. (12 1. The corresponding distances differ, however. 
Using unnormalized separable states \<j>), the distance of Eq. (13) is 

D2 ^ - 7^10 - ^) = 1 - (v/(^)' = 1 - cos2 9c, (17) 



On the other hand, using normalized separable states \(t>N), the corresponding distance is 



- 



- ^\C^N - V) = + (l - = 2(1 - COS 0c). (18) 



Thus, in the approach using unnormalized separable states, the use of 1 — cos 9c — sin 0^ as the entanglement measure 
can be interpreted as the distance to the closest separable state. 



III. SCHMIDT DECOMPOSITION 



As mentioned in the previous section, the equations of (|9| determining the extremal points of the distance to the 
closest separable state are non-linear. One of the special cases for which a closed-form solution exists is when the 
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FIG. 1: Geometrical comparison of the entanglement measure using unnormalized (0) and normalized (<\>n) separable states 



n-dimensional system is decomposed into an u-dimensional subsystem, A, and a u-dimensional subsystem, _B, such 
that n = uv. In this case the equations decouple to yield 

i=0 j=0 
j=0 1=0 

which, respectively, leads to the product NaNb being found as solutions to 



det NANB5k^ - J2 XkjXij 

3=0 
u-l 

det NaNbS^j - 

XimXij 

i=Q 







(20) 



This has an interesting correspondence to the Schmidt decomposition of \^) of Eq. To see this, consider the 
density matrix of the pure state \ip): 



n— 1 n— 1 

1=0 j=a 



(21) 



where Xi the coordinates of -0 in the computational basis: = X]"=o^X*N)- decompose the system into a 
M-dimensional subsystem. A, and a w-dimensional subsystem, B, such that n — uv, and expand the density matrix 
p in the orthonormal basis \i){j\ = \k){l\ (8) |<z)(7'|, where each vector is a member of the computational basis in its 
respective space. The density matrix then takes the form 



u—l u—1 v—1 v — 1 

P=Y.J2J2Y1 XkqXl\k){l\ k) (r| 



(22) 

k=0 1=0 q=0 r=0 

where we have reparameterised the Xi coordinates as Xkq- We now define the partial traces over the two subsystems 
as 



Tr a{p) = ^((t|®lB)p(|i)®ls) 



(23) 



t=o 
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v-l 

TrB(p) = Y.^^A®{t\)p{tA®\t)) (24) 
t=o 

where 1^ and are the identity matrices in the subspaces of A and B, respectively. The reduced density matrix 
Pa, defined by tracing out over the subsystem B, can then be written as 

v—l u—1 u—1 v—1 v—1 

t^O k^O 1^0 q^O r^O 
v—1 u— 1 u—1 

= EEE^^*^^*i^)(^i (25) 

t=0 fe=0 /=0 

or, in terms of components, 



{PA)ki = ^XktXu (26) 



t=0 



Similarly, the reduced density matrix pB, defined by tracing out over the subsystem A, can be written as 



M-l 



{PB)qr = TrA(p) = ^ XtqXt (27) 



i=0 



In terms of the reduced density matrices pA and pB of Eqs.(26l and (27 1, we find that the extremal conditions of 
Eqs.(19l can be written as 



u-l 



Y,{pA)k^o^^ = NANeak (28) 



i=0 
v-l 



Y.^PB)^jh = NANsh^ (29) 
j=o 

Thus, NaNb can be interpreted as the eigenvalues of the reduced density matrices pA and ps, with and 6j being the 
corresponding eigenvectors. As discussed after Eq. (|2|, this then provides a geometric interpretation of the Schmidt 
decomposition of the coefficients and hj used in defining the closest separable state are related to the basis 
states \ak) and \(3k) of the Schmidt decomposition, with the norm NaNb of the closest separable state related to the 
Schmidt coefficients pk- 

It is interesting to consider the particular case that the n-dimensional space is split into a product of a single qubit 
space and another space of dimension u = n/2. In this case, one of the equations of (20 1 will become a quadratic 
equation for the product NaNb, with solutions 



NaNb ^ p± ^ 



l±yr^4Cj, C^J2J2\^ojXik-XijXok\^ (30) 

j = l k=0 



The Schmidt decomposition of Eq. ^ in this case becomes 

IV-) - ® 1/3+) + ® |/3_) (31) 

with + = 1. Relating the eigenvalues NaNb to the cosine of the angle between \tp) and the closest separable 
state \4>) by Eq. (12 1, and noting that is the larger of the two eigenvalues, we find the Schmidt decomposition can 
be written as 



IV') = cos6',„ax \a+) «) 1/3+) + sin^niax \a-) ® |/3_) (32) 

where cos0,nax = P+- If \ip) was separable we would have sin^ ^max — ^ Oi ^^^d as such this provides a direct 
connection between the entanglement measures of 1 — -^max — in the geometric approach and the coefficient 

sin^ ^max in the Schmidt decomposition. 
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This geometric connection can also be made to the generalization of the Schmidt decomposition for multipartite 
pure states developed by Partovi [M]. In this approach, one starts with a state and decomposes it into two 
subsystems: one, a qubit space A, and another space {BC . . . Z) representing the remaining dimensions: 

\^)-ll^Mt)®\<''-^) (33) 

One then decomposes into two subsystems: another qubit space B, and another space {CD . . . Z) represent- 

ing the remaining dimensions: 

IV^r-^) - E ^J^M..) ® l«-^> (34) 

ib 

This process is continued until the last two qubit spaces Y and Z are reached, with the result 



a * fa ■ ■ ■ ^ y s 



There is a direct correspondence between each stage of this series of decompositions and a problem involving the finding 
of the extremal points of aparticular distance in the geometric approach described in the previous section. For example, 
at the first stage of Eq. (33 1, we can consider the distance between \^) and and a state l^^-^C"- -^) = |(^^) (g) 



D 



A-BC...Z 



(36) 



where is a qubit state and \(f)^'-^'''^) encompasses the remaining dimensions. Finding the extremal points of 
this distance will result in a system of (linear) equation s, a s in Eq. ( 20 1 , determining the components of the state 
For the next stage, corresponding to Eq. (34 1, we can then consider the distance between the state 

B:CD...Z\ _ \j,B\ ^,\j,CD...Z\. 



A-.BC.Z 
BC...Z 



and a state 



^B;CD...Z 



(0 



BC...Z 



iCD...Z-\ 



iBC.Z 



iCD...Z 



]) 



(37) 



where is a qubit state and \(fP^'"^) encompasses the remaining dimensions. Finding the extremal points of this 
distance will again result in a system of linear equations determining the components of the state |(/)^''-^^ -"^). This 
process may be continued until the last two qubit states |(/>^) and are reached; at each stage there will be a direct 
correspondence between the coefficients used in defining the closest separable state to the basis states of the Schmidt 
decomposition, with the norm of the closest separable state related to the corresponding Schmidt coefficients. At the 
end, we can then define, in analogy with Eq.(12l, the cosine of the critical angle 9c as 



cos 9 c 



10-^) ® 10^) ® • • • 



(38) 



;ritical 



and then use as a measure of entanglement sin^ 9c ~ 1— cos^ 9c- Although this procedure has the advantage compared 
to the approach of Section II of resulting in a series of linear equations to solve, compared to the non-linear equations 
of Eq. (|9]), the disadvantage is that the final result depends on the order that the series of decompositions is made: 
the sequence ABC . . . Y Z described above will differ from the sequence BC . . . ZA. As such, an approach such as 
that of Ref. [14 of a minimization over all permutations of the possible orders of the decompositions must be done. 



IV. CONCLUSIONS 



We have considered a generalization of the usual geometric measure of entanglement of pure states using the 
distance to the nearest unnormalized product state. Although this doesn't lead to any computational advantages, 
as the resulting equations determining the measure are still non-linear in general, this does afford an interpretation 
of the standard entanglement measure 1 — A^^^^^ as the distance to the closest separable state. This also provides a 
relationship between the the norm and components of the closest separable state and the coefficients and basis states 
of the Schmidt decomposition of the state 
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